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Abstract
We point out subtleties in the previous sum rule calculations of the
πNN coupling associated with using either the PV or the PS coupling
schemes in modeling the phenomenological side. We propose a sum
rule which is independent of the coupling schemes used and has less
uncertainty in the OPE. The obtained value is gpiN = 9.76± 2.04 where
the uncertainty mainly comes from the quark-gluon mixed condensate.
Since first introduced by Shifman, Vainshtein and Zakharov 1, QCD
sum rule has been widely used to study the hadron properties such as
masses or couplings of baryons 2. QCD sum rule is a framework which
connects the physical parameters with QCD parameters. In this frame-
work, a correlation function is introduced in terms of interpolating fields
constructed from quark and gluon fields. Then, the correlation function,
on the one hand, is calculated by Wilson’s operator product expansion
(OPE) and, on the other hand, its phenomenological “ansatz” is con-
structed. A physical quantity of interest is extracted by matching the
two descriptions in the deep Euclidean region (q2 = −∞) making use of
the dispersion relation. The extracted value therefore should be inde-
pendent of possible ansatz in order to be physically meaningful.
One important quantity to be determined in hadron physics is the
pion-nucleon coupling constant, gpiN , whose empirical value is known to
be around 13.4 but it is of interest to determine the coupling from QCD.
QCD sum rule can be used for such purpose and indeed there are such
calculations of gpiN
2,3,4. Reinders, Rubinstein and Yazaki 2 calculated
gpiN by retaining only the first nonperturbative term in the OPE. Later
Shiomi and Hatsuda (SH)3 improved the calculation by including higher
order terms in the OPE. SH considered the two-point correlation function
for the nucleon interpolating field JN ,
Π(q, p) = i
∫
d4xeiq·x〈0|T [JN (x)J¯N(0)]|π(p)〉 , (1)
and evaluated the OPE in the soft-pion limit (pµ → 0). More recently,
Birse and Krippa (BK) 4 pointed out that the use of the soft-pion limit
does not constitute an independent sum rule from the nucleon sum rule
and they considered the sum rule beyond the soft-pion limit.
1
In both sum rules, the phenomenological side of the correlator is
constructed by using the PS interaction Lagrangian,
Lps = gpiN ψ¯iγ5~τ · ~πψ . (2)
However, the PV interaction Lagrangian,
Lpv = gpiN
2m
ψ¯γ5γµ~τ · ∂µ~πψ , (3)
can also be used which could change the results. This is because, in
QCD sum rules, on-shell quantities are extracted from far Euclidean
region where descriptions from the two Lagrangians are different.
To achieve the independence from the PS and PV coupling schemes,
it is natural to go beyond the soft-pion limit. Then the method proposed
by Ref.4 seems to be appropriate. The γ5 6p structure considered in Ref.4
uses the PS Lagrangion,
− igpiNλ
2
Nm
(q2 −m2 + iǫ)[(q − p)2 −m2 + iǫ] + · · · . (4)
Then after some manipulation, the sum rule formula can be succinctly
casted as
gpiN + AM
2 = f(M) . (5)
f(M) is a function of the Borel mass M . The unknown simple pole
contribution A is associated with the transition N → N∗ 5 and estimated
to be small 4. With the PV scheme, the phenomenological side takes the
form,
− igpiNλ
2
N/2m
(q − p)2 −m2 + iǫ −
igpiNλ
2
Nm
(q2 −m2 + iǫ)[(q − p)2 −m2 + iǫ] + · · · . (6)
Note that the double pole is the same as above but there is an additional
simple pole of N → N . It means that physical content of the single pole
is coupling scheme-dependent. If this were used in BK’s sum rule, then
instead of Eq. (5), BK would have obtained
gpiN
(
1− M
2
2m2
)
+ AM2 = f(M) . (7)
Around M ∼ m ∼ 1 GeV, the new term is 0.5, impling that A is large
within the prescriptions used in Ref. 4.
One more Dirac structure, γ5σµν , contains the double pole only, in-
dependent of the coupling scheme. The common phenomenological side
for this structure is given by
− gpiNλ
2
Np
µqν
(q2 −m2 + iǫ)[(q − p)2 −m2 + iǫ] + · · · . (8)
2
This structure is zero in the soft-pion limit, but beyond the soft-pion
limit, this can provide a new sum rule for gpiN . Since there is no simple
nucleon pole in this case, the simple pole structure comes only from
N → N∗.
To construct a sum rule for γ5σ
µνpµqν structure, we consider the
correlation function
Π(q, p) = i
∫
d4xeiq·x〈0|T [Jp(x)J¯n(0)]|π+(p)〉 . (9)
Here Jp is the proton interpolating field of Ioffe
6,
Jp = ǫabc[u
T
aCγµub]γ5γ
µdc (10)
and the neutron interpolating field Jn is obtained by replacing (u, d)→
(d, u). In the OPE, we will only keep the diquark component of the pion
wave function and use the vacuum saturation hypothesis to factor out
higher dimensional operators in terms of the pion wave function and the
vacuum expectation value.
The calculation of the correlator, Eq. (9), in the coordinate space
contains the following quark-antiquark component of the pion wave func-
tion,
Dαβ
aa′
≡ 〈0|uαa (x)d¯βa′(0)|π+(p)〉
=
δaa′
12
[
(γµγ5)
αβ〈0|d¯(0)γµγ5u(x)|π+(p)〉 + (iγ5)αβ〈0|d¯(0)iγ5u(x)|π+(p)〉
− (γ5σ
µν)αβ
2
〈0|d¯(0)γ5σµνu(x)|π+(p)〉
]
. (11)
These matrix elements can be written in terms of pion wave function.
Since we are doing the calculation up to the first order of pµqν , we need
only the overall normalization of the wave functions. In fact, to leading
order in the pion momentum, the first and third matrix elements are
given as 7,
〈0|d¯(0)γµγ5u(x)|π+(p)〉 = i
√
2fpipµ +O(x
2) (12)
〈0|d¯(0)γ5σµνu(x)|π+(p)〉 = i
√
2(pµxν − pνxµ) fpim
2
pi
6(mu +md)
. (13)
In Eq. (12), O(x2) contains the twist 4 term which does not contribute
to our sum rule up to the dimension we consider below. Note that in
Eq. (13) the factor fpim
2
pi/(mu + md) can be written as −〈q¯q〉/fpi by
making use of the Gell-Mann−Oakes−Renner relation.
In our sum rule for the γ5σ
µνpµqν structure, the second matrix ele-
ment in Eq. (11) does not contribute up to dimension 7. It is straightfor-
ward to calculate the OPE. We match the OPE with its phenomenolog-
ical counterpart and take the Borel transformation. Then the unknown
3
parameter, λN , which represents the coupling strength of the interpo-
lating field to the physical nucleon, is eliminated by using the nucleon
chiral odd sum rule. For more discussion, see Ref.9. The final expression
for the sum rule is
gpiN (BM
2 + 1)
(
fpi
m
)
(14)
=
M4E0(xpi)/3 + 16π
2f2piM
2/3 + π2
〈
αs
pi
G2
〉
/54− 2π2m20f2pi/3
M4E1(xN)− π2
〈
αs
pi
G2
〉
/6
.
Here, B represents the unknown simple pole of N → N∗, xpi = SpiN/M2
with SpiN being the continuum threshold, xN is corresponding one for
the nucleon sum rule, and En(x) = 1 − (1 + x + · · · + xn/n!)e−x. In
this sum rule, the main source for the error comes from m20 which is
related to quark-gluon mixed condensate via 〈q¯gsσ ·Gq〉 = m20〈q¯q〉 . This
contributes only to the highest dimensional term in the OPE so this will
be suppressed in the Borel window chosen. According to Ref. 8, we take
the range, 0.6 ≤ m20 ≤ 1.4 GeV2 and see the sensitivity of our results.
We fit the RHS of Eq. (15) with a straight line within the Borel
window chosen appropriately. Our result is gpiN = 9.76 ± 2.04, where
the error comes from the uncertainty in m20. This result is independent
of the coupling schemes and its error is relatively small.
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